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Abstract
The q-Painleve equation, satisfied by the Fourier transform of the q-Virasoro conformal blocks at c = 1, is
interpreted as a reformulation of the string equation and two other Virasoro constraints in the 5d Dotsenko-
Fateev matrix model.
The rich Seiberg-Witten theory [1, 2] and its quantization [3], involving the Nekrasov functions [4] and the
AGT relations [5] is nowadays understood [6, 7] as implication of the modern matrix-model theory [8], applied
to the old conformal [9] models, which originally appeared in the Dotsenko-Fateev (DF) description [10] of
conformal blocks [11]. As explained in [12,13], integrable properties are revealed in the quantities AGT-related
to the Fourier transform of conformal blocks w.r.t. the internal α-parameters, which are also known [14] to satisfy
the Painleve´ equations w.r.t. the cross-ratio of the puncture positions in the conformal block. In this paper,
we claim that these equations are nothing but the ordinary string equations, provided by the lowest Virasoro
constraints in the matrix model, and this becomes most transparent after the q-deformation AGT-related to
the low-energy description of the 5d super-Yang-Mills theories.
The DF matrix model at c = 1 is a matrix model of Penner type [15] with the partition function
Z(N)(α1, α2, α3|z) =
1
N !
∫ N∏
i<j
(xi − xj)
2
N∏
i=1
x2α1i (z − xi)
2α2(1− xi)
2α3dxi =
〈
∆2(x)
〉
=
= det
1≤i,j≤N
〈
xi+j−2
〉
= det
1≤i,j≤N
Z(1)
(
α1 +
i+ j − 2
2
, α2, α3
∣∣∣ z
)
(1)
The determinant det1≤i,j≤N
〈
xi+j−2
〉
is equal to (−1)N(N−1)/2 det1≤i,j≤N
〈
xi−1(1− x)j−1
〉
, since expanding
the latter one into the Newton binomial, one obtains the linear combination of lines in the former determinant.
Hence, additionally
Z(N)(α1, α2, α3|z) = (−1)
N(N−1)/2 det
1≤i,j≤N
Z(1)
(
α1 +
i− 1
2
, α2, α3 +
j − 1
2
∣∣∣ z
)
(2)
This partition function is a τ -function of the Toda chain hierarchy in Miwa representation, with the positions of
punctures being the Miwa variables and the α-parameters playing the role of halves of multiplicities [13,16]. In
fact, this is still the case for any multiple integral of form (1) with the measure
∏N
i=1 dxi →
∏N
i=1 df(xi), where
f(x) is an arbitrary function. This function is fixed by an equation additional to the integrable equations, this
is exactly the string equation, which comes as the first equation(s) of the Virasoro constraints.
Indeed, the partition function also satisfies an infinite set of Virasoro constraints: the Ward identities
associated with the change of integration variables xi [17]. It is, however, a non-trivial exercise to express them
as operators acting on the α-parameters of Z(N) – but this can be done and leads to a chain of interesting
statements (claims).
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Claim 1 of the present paper is that for N = 1 all the Virasoro constraints reduce to just the lowest three,
which act as the multiplicities shifts:
L−1 : α1Z
(1)
(
α1 −
1
2 , α2, α3
)
= α2Z
(1)
(
α1, α2 −
1
2 , α3
)
+ α3Z
(1)
(
α1, α2, α3 −
1
2
)
L0 :
(
α1 + α2 + α3 +
1
2
)
Z(1)
(
α1, α2, α3
)
= α2z · Z
(1)
(
α1, α2 −
1
2 , α3
)
+ α3Z
(1)
(
α1, α2, α3 −
1
2
)
L1 : (α1 + α2 + α3 + 1)Z
(1)
(
α1 +
1
2 , α2, α3
)
+ (α2z + α3)Z
(1)
(
α1, α2, α3
)
=
= α2z
2 · Z(1)
(
α1, α2 −
1
2 , α3
)
+ α3Z
(1)
(
α1, α2, α3 −
1
2
)
(3)
With the help of the first two the last constraint can be rewritten in a simpler form:
L˜1 : α2(z − 1) ·
{
Z(1)
(
α1 +
1
2
, α2 −
1
2
, α3
)
− z Z(1)
(
α1, α2 −
1
2
, α3
)
+ Z(1)
(
α1, α2, α3
)}
= 0 (4)
Formally, these are examples of Gauss relations [18] between hypergeometric functions with different parameters.
Claim 2 is that generalization of the first two constraints to N > 1 (comultiplication) is almost the same,
with just three modifications:
• Z(1) is substituted by bilinear combination Z(N)Z(N−1),
• shifts act on the two components in opposite directions, e.g.
Z(1)
(
α1 −
1
2
, α2, α3
)
−→ Z(N)
(
α1 −
1
2
, α2, α3
)
Z(N−1)
(
α1 +
1
2
, α2, α3
)
• underlined parameter in L0 is slightly changed:
1
2 −→ N −
1
2 .
These are non-trivially-looking algebraic relations between hypergeometric functions at different parameters,
which, however, follow from linear Gauss relations. Derivation of these statements is much simpler if one uses
the determinant formula (2) instead of (1).
Claim 3 is that the first two equations involve just four different functions and are homogeneous, therefore,
they imply a rational relation
w1 =
α1
α1 + α2 + α3 +N −
1
2
·
α3w2 + α2z
α3w2 + α2
⇐⇒ w2 = −
α2
α3
·
(
α1 + α2 + α3 +N −
1
2
)
w1 − α1z(
α1 + α2 + α3 +N −
1
2
)
w1 − α1
(5)
between the two ratios:
w1 =
Z(N) (α1, α2, α3)Z
(N−1) (α1, α2, α3)
Z(N)
(
α1 −
1
2 , α2, α3
)
Z(N−1)
(
α1 +
1
2 , α2, α3
) , w2 = Z
(N)
(
α1, α2, α3 −
1
2
)
Z(N−1)
(
α1, α2, α3 +
1
2
)
Z(N)
(
α1, α2 −
1
2 , α3
)
Z(N−1)
(
α1, α2 +
1
2 , α3
) (6)
The third Virasoro constraint then imposes an additional requirement:
Z(1)
(
α1 +
1
2 , α2, α3
)
Z(1) (α1, α2, α3)
+
Z(1)
(
α1, α2 +
1
2 , α3
)
Z(1) (α1, α2, α3)
= z (7)
Claim 4 is that all this is true for an arbitrary integration contour in the original matrix integral, in particular,
for Z(N) made from the determinants of
Z(1) =
∫ z
0
x2α1(z − x)2α2 (1− x)2α3dx+ µ
∫ ∞
1
x2α1(z − x)2α2 (1− x)2α3dx = (8)
= z2α1+2α2+1
∫ 1
0
x2α1(1 − x)2α2(1− zx)2α3dx+ µe2ipi(α2+α3)
∫ 1
0
x−2α1−2α2−2α3−2(1− x)2α3 (1− zx)2α2dx
which is a linear combination of two hypergeometric functions with an arbitrary coefficient µ. It is inverse
Fourier transform in this parameter, which converts Z(N) into the ordinary 4-point conformal blocks.
This is the standard point that the Virasoro constraints as differential or difference equations fix solutions
only up to a choice of the integration contour [19]. The space of solutions is then parameterized by the number
of independent contours, sometimes it is just one contour (the Gaussian model), sometimes there are few (the
Dijkgraaf-Vafa solution) [19–21]. For the simplest DF model (8), 4-point and 4d, there are two independent
contours [6] and, hence, the space of solutions is one-dimensional (since only the relative coefficient between the
two contours matters).
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Claim 5 is that this entire pattern survives a q-deformation, when the matrix model is substituted by the
one from [22] with the Jackson integrals and determinants are made from the combination of q-hypergeometric
functions:
Z(1)q = z
2α1+2α2+1 Fq
(
α1, α2, α3
∣∣ z)+ µ˜e2pii(α2+α3) Fq(− α1 − α2 − α3 − 1, α3, α2 ∣∣ z) (9)
with quantum numbers defined as [n] = 1−q
n
1−q , Jackson integral as
∫
f(x) dqx =
∑∞
n=0 (1− q) q
nf(qn) and
Fq(α1, α2, α3|z) =
∫
x2α1 (1;x)2α2 (1; zx)2α3 dqx = (10)
=
Γq(2α1 + 1)Γq(2α2 + 1)
Γq(2α1 + 2α2 + 2)
·
∞∑
k=0
(−z)k qk(k−1)/2
[k]!
Γq(2α1 + k + 1)
Γq(2α1 + 1)
Γq(2α3 + 1)
Γq(2α3 + 1− k)
Γq(2α1 + 2α2 + 2)
Γq(2α1 + 2α2 + k + 2)
=
= Bq(2α1 + 1, 2α2 + 1) · 2φ1
(
q−2α3 , q2α1+1; q2α1+2α2+2
∣∣ q, z)
Here (a; q)p =
∏p−1
k=0(1 − q
ka) is the Pochhammer symbol, Γq(x) and Bq(x, y) are the q-Gamma and q-Beta-
functions respectively, and 2φ1(a, b; c | q, z) is the Heine basic q-hypergeometric function [23].
The coefficients in the Virasoro constraints are now quantized and some arguments z are shifted:
L−1 : [2α1]Z
(1)
q
(
α1 −
1
2
, α2, α3
∣∣∣ z) = [2α2]Z(1)q
(
α1 −
1
2
, α2, α3
∣∣∣ z)+ [2α3] q−2α2−1 · Z(1)q
(
α1, α2, α3 −
1
2
∣∣∣ qz)
L0 : [2α1 + 2α2 + 2α3 + 1]Z
(1)
q
(
α1, α2, α3
∣∣∣ z) = [2α2] q2α1+2α2+2α3z Z(1)q
(
α1, α2 −
1
2
, α3
∣∣∣ zq
)
+ [2α3]Z
(1)
q
(
α1, α2, α3 −
1
2
∣∣∣ z)
L˜1 : [2α2](z − 1)
{
q2α2 Z
(1)
q
(
α1 +
1
2
, α2 −
1
2
, α3
∣∣∣ z) − z Z(1)q
(
α1, α2 −
1
2
, α3
∣∣∣ z) + Z(1)q
(
α1, α2, α3
∣∣∣ z)
}
= 0
The new feature of the N > 1 generalization in this case is that the shifts of z are also made in the opposite
directions:
Z(1)
(
α1 −
1
2
, α2, α3
∣∣∣ qs z
)
−→ Z(N)
(
α1 −
1
2
, α2, α3
∣∣∣ qs z
)
· Z(N−1)
(
α1 +
1
2
, α2, α3
∣∣∣ q−s z
)
(11)
and this makes equation in terms of w-variables more complicated.
Claim 6 is that certain manipulations convert these constraints into the pair of q-Painleve equations [25, 26]
w1(z)w1(qz)
a3a4
=
(w2(qz)− b1z)(w2(qz)− b2z)
(w2(qz)− b3)(w2(qz)− b4)
w2(z)w2(qz)
b3b4
=
(w1(z)− a1z)(w1(z)− a2z)
(w1(z)− a3)(w1(z)− a4)
(12)
where the coefficients ap and bp are some powers of q linear in the α-parameters, satisfying
b1b2
b3b4
= q
a1a2
a3a4
(13)
These equations reproduce the rational equations (5) in the autonomous q = 1 limit and the conventional
differential equation Painleve VI in the double scaling q → 1 limit [25]. This is somewhat similar to taking
the q = 1 limit of f(z) = f(qz), which is a very restrictive f ′(z) = 0 rather than the fully non-constraining
f(z) = f(z), and it is the third Virasoro constraint L1 that plays a role in making the autonomous limit smooth.
As emphasized in [26], the Seiberg-Witten curve for the SU(2) gauge theory with four matter hypermultiplets
(x− a3)(x − a4)
x
· y +
b3b4(x− a1z)(x− a2z)
x
·
1
y
−
(b3 + b4)x
2 + a3a4(b1 + b2)z
x
= const (14)
and the symplectic form d log x ∧ d log y are invariant under the transformation

 x
y

 =

 w1(z)
w2(z)

 −→

 X
Y

 =

 w1(qz)
w2(qz)

 =


a3a4
x ·
(Y−zb1)(Y−zb2)
(Y−b3)(Y−b4)
b3b4
y ·
(x−za1)(x−za2)
(x−a3)(x−a4)

 (15)
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with a1a2b3b4 = a3a4b1b2 inspired by (12), i.e. in the autonomous limit. This implies the same invariance of the
AMM/EO topological recursion [27] and, thus, of the entire non-perturbative DF partition function (conformal
blocks).
Thus, we conclude that the µ-deformed partition function of the 5d Dotsenko-Fateev model of [22], which by
the argument of [13] describes the Fourier transform of the q-Virasoro conformal blocks, satisfies the q-Painleve
equations in the form of [25], in agreement with [28]. Thus, the q-Painleve equation is a direct consequence
of the Virasoro constraints in the matrix model and plays the role of the string equation for the τ -function in
Miwa variables which, in this context, are just the puncture positions and α-parameters are the corresponding
multiplicities. Details of the formulations and evidence in support of them will be provided in [24].
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